Digital Logic Design
Combinational Logic
Part 1




/INTRODUCTION

Two classes of logic circuits

™

Combinational Circuit

Each output depends entirely on
the immediate (present) inputs.

v Gates
v' Decoders, multiplexers
v' Adders, multipliers

—> 5
— . . —>

: — * Combinational F—

inputs Logic . outputs

- Sequential Circuit

Q

inputs

Each output depends on both
present inputs and state.

Counters, registers

Memories
_’ _>
B _ >
—* Sequential —
D Logic 1 outputs
Memory [«
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Boolean Algebra

- Digital circuits are hardware components for processing
(manipulation) of binary input

 They are built of transistors and interconnections in
semiconductor devices called integrated circuits

A basic circuit is called a logic gate; its function can be
represented mathematically.

. /
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BOOLEAN ALGEBRA

sBoolean values: = Truth tables
True (1) AlB|A-B AlB|A+B Al A
False (0) 0|0 0 0|o0 0 0| 1
0 1 0 0 1 1 1 0
1 0 0 1 0 1
1 1 1 1 1 1
= Logic gates
A,
——> AB
_ B— > |:
A A A

L s ) e y

CS2100 Boolean Algebra 4
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Timing Diagram

A graphical X

representation
Of the truth table!

(AND) X Y

(OR) X4+Y

K (NOT) X

0 O 1 1 .
time

Y 8 1 0 1 .
time

0 0 O 1 R
_ time

0 1 1 1 R
time

1 1 0 0 R

time /

Ahmad Almulhem, KFUPM 2010



Boolean Expression

F(X,Y)=XY+Y’

variable T .
operator literals

« A Boolean expression is made of Boolean variables and constants
combined with logical operators: AND, OR and NOT

« Aliteral is each instance of a variable or constant.

« Boolean expressions are fully defined by their truth tables

« A Boolean expression can be represented using interconnected logic
gates

— Literals correspond to the input signals to the gates
— Constants (1 or 0) can also be input signals
— Operators of the expression are converted to logic gates

K « Example: abd + bcd + ac’ + ad’ (4 variables, 10 literals, ?? gates) /




Operator Precedence

. Given a Boolean expression, the order of operations
depends on the precedence rules given by:

1. Parenthesis Highest Priority
2. NOT
3. AND
4. OR Lowest Priority

. Example: XY + WZ will be evaluated as:
1. XY
2. WZ

K 3. XY +WZ
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Example

F=X.(Y +2)

This function has three inputs X, Y, Z and the output is
given by F

As can be seen, the gates needed to construct this circuit
are: 2 input AND, 2 input OR and NOT

Y% Y—Di} F
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Example (Cont.)

A Boolean function can be represented with a truth table

F=X.(Y' +2)

X Y Z Y | Y+2Z| F=X(Y+2)

0 0 0 1 1 0

0 0 1 1 1 0

0 1 0 0 0 0

0 1 1 0 1 0

1 0 0 1 1 1

1 0 1 1 1 1

1 1 0 0 0 0
\ 1 1 1 0 1 1
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Identities of Boolean Algebra

Basic Identities of Boolean Algebra

1. X+0=X 2. X 1=X

3. X+1=1 4. X-0=0

5 X+X=X 6. X-X=X

7. X+X=1 8. X-X=0

9. X=X
10, X+YV=V+X 11. XY =YX Commutative
12. X+ Y+2)=(X+Y)+Z 13.  X(YZ)=(XY)Z Associative
4. X(Y+72)=XY+XZ 15. X+YZ=(X+Y )X +7) Distributive
6. X+Y=X.Y 17. X-Y=X+Y DeMorgan’s

\ src: Mano's Textbook /
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DeMorgan’s Theorem

X+Y =XeY ¢ XeY =X+Y

Truth Tables to Verity DeMorgan’s Theorem

A) X Y X+Y XzY B X Y X Y X.V

use truth

0 (0 0 | (0 )] | | ] tables to

0 1 1 0 o 1 1 0 0 prove that

| (0 | )] | () () | 0 two Boolean

L1 0 I 1 0 0 0 0 boolea
expressions
are equal !

|

Extended DeMorgan’s Theorem: X; + X, +.... £X, = X, X......

KXJ Xy oo X, =X, + XX, /




Why Boolean Algebra?

« Boolean algebra identities and properties help reduce the
size of expressions

* In effect, smaller sized expressions will require fewer
logic gates for building the circuit

« As aresult, less cost will be incurred for building simpler
circuits

« The speed of simpler circuits is also high

Ahmad Almulhem, KFUPM 2010
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Algebraic Manipulation (Example)

™

F

=X'YZ + X'YZ' + XZ X [>o )
. B —\ 0\
z Dc —— L
D—

(a) F=XYZ + XYZ + XZ

Ahmad Almulhem, KFUPM 2010
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Algebraic Manipulation (Example)

™

F

=XYZ+ XYZ + XZ
=XY(Z+Z) + XZ (id14)
=XY.1+XZ (id 7)
= XY + XZ (id 2)

X

o1

g M N

::>___

(a) F=XYZ + XYZ + XZ

(b) F=XY + XZ

/

Ahmad Almulhem, KFUPM 2010
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Algebraic Manipulation (Example)

F=XYZ+XYZ +XZ X [>o )
=XY(Z+Z) + XZ (id14)
=XY.1+ XZ (id 7) y :} 4‘_\!, F
= XY + XZ (id 2) z Do—

}

X Y y 4 (@ F (b)F (a) F=XYZ + XYZ + XZ

o 0 0 0 0 X [>o

0 0 1 0 0 Y

0 1 0 1 1 F
0 1 1 1 1

1 0 0 0 0 z

1 0 1 1 1 (b) F=XY + XZ

1 1 0 0 0

1 1 1 1 1

Verify | /

Ahmad Almulhem, KFUPM 2010

.




Example

\_

Reduce F1=(A + B + AB) (AB + AC + BC)
Using DeMorgan’s Theorem,
F1=(A.B.(A'+B’)).(A’'+B’).(A+C’).(B'+C’)

= (A’.B.A’ + A.B.B").(A'+B’)(A+C’) .(B'+C’)

= (A’B + 0).(A'+B’)(A+C’) .(B'+C’)

= (A'BA’ + ABB’) (A+C’) .(B'+C’)

= (A’'B) (A+C’) .(B’+C’)

= (A’'BA+A’'BC’)(B'+C’)

= (0+A’'BC)(B'+C’)

= (A’'BC'B' + ABC'C’)

= (0+A'BC) =ABC’
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Example

Simplify G = ((A+B+C).(AB+CD)+(ACD))
= ((A+B+C)+(AB.(C+D))).ACD

= (A+B+C).ACD + (AB.(C+D)).ACD

= (ACD+ABCD) + (ABCD+ABCD)

= (ACD +ACD(B+B) + ABCD)

= (ACD + ACD + ABCD)

= (ACD + ABCD)

= (ACD(1+B))

K: ACD




Minterms

A product term is a term where literals are ANDed.
« Example: Xy’, xz, xyz, ...
A minterm is a product term in which all variables appear
exactly once, in normal or complemented form
« Example: F(x,y,z) has 8 minterms: X'y'z’, X'y'z, Xyz, ...
In general, a function with n variables has 2" minterms

A minterm equals 1 at exactly one input combination and
IS equal to O otherwize

« Example: X'y'’z' =1 only when x=0, y=0, z=0
A minterm is denoted as m; where | corresponds the input
combination at which this minterm is equal to 1
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Minterms for Three Variables Src: Mano’s book
Product
X Y Z Term Symbol m m m, mg my My Mg my
0 0 0 XYZ mg 1 0 0o 0 0 0 0 0
0 0 1 XYZ my 0 1 0 0 0 0 0 0
0 1 0 XYZ my 0 0 1 0 0 0 0 0
0 1 1 XYZ m; 0 0 0 1 0 0 0 0
1 0 0 XYZ my 0 0 0 0 1 0 0 0
1 0 1 XYZ ms 0 0 0 0 0 1 0 0
1 1 0 XYZ myg 0 0 0 0 0 0 1 0
1 1 1 XYZ my 0 0 0 0 0 0 0 1
m;indicated the i minterm

| indicates the binary combination

Variable complemented if O m;is equal to 1 for ONLY THAT combination
Variable uncomplemented if 1




Maxterms

« Asum term is aterm where literals are ORed.
« Example: X'+y’, Xx+z, x+y+z, ...
« A maxterm is a sum term in which all variables appear
exactly once, in normal or complemented form
« Example: F(x,y,z) has 8 maxterms: (x+y+z), (xty+2z’), (x+y’'+z), ...
« In general, a function with n variables has 2" maxterms

« A maxterm equals 0 at exactly one input combination and
IS equal to 1 otherwize

« Example: (x+y+z) = 0 only when x=0, y=0, z=0

« A maxterm is denoted as M, where i corresponds the
Input combination at which this maxterm is equal to O
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Maxterms

™

Maxterms for Three Variables

Src. Mano's book

X Y Z Sum Term Symbol M, M, M, M, M, M, M, M,
0 0 0 X+Y+Z M, o 1 1 1 1 1 1 1
0 0 1 X+Y+Z M, 1 o 1 1 1 1 1 1
0 1 0 X+Y+Z M, 1 1 o 1 1 1 1 1
0 1 X+Y+Z M; 1 1 1 0 1 1 1 1
1 0 0 X+Y+Z My 1 1 1 1 o 1 1 1
1 0 1 X+Y+Z Ms 1 1 1 1 1 0o 1 1
1 1 0 X+Y+Z Mg 1 1 1 1 1 1 0 1
1 1 1 X+Y+Z M, 1 1 1 1 1 1 1 0

I

Variable not complemented if O

K\/ariable complemented if 1

M; indicated the i'" maxterm
| indicates the binary combination

M;is equal to O for ONLY THAT combination /
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Minterms and Maxterms

In general, a function of n variables has
« 2" minterms: mgy, My, ..., my,";
« 2" maxterms: My, My, ..., M,

Minterms and maxterms are the complement of
each other!

M=m, Yi=0L2y(2"~1)

Example: F(X,Y):
m, = XY = m, = X'+Y =M,

. /
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Expressing Functions with Minterms

A Boolean function can be expressed algebraically from a give truth
table by forming the logical sum (OR) of ALL the minterms that produce
1 in the function

Example:

Consider the function defined by the truth table

FOX,Y,2) = X'Y'Z' + X'YZ' + XY'Z + XYZ
= m, +m, +m; +m,
=>xm(0,2,5,7)

= === O O O OlX

R R O OR R O oI
R O, O, O O|IN
3
w

KI—*OI—*OOI—*OI—*'I‘I

\_
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Expressing Functions with Maxterms

/

e A Boolean function can be expressed algebraically from a give truth
table by forming the logical product (AND) of ALL the maxterms that
produce 0 in the function

missing from the previous list in m(0,2,5,7)

K =TI M(1,3,4,6) | Note the indices in this list are those that are

Example: X Y Z | M| F|F
Consider the function defined by the truthtable 0 0 0 | M, | 1] O
F(X,Y,Z) = T1 M(1,3,4,6) o 0 1M |o0o]1
0 1 O IM|1]0O0
Applying DeMorgan 0 1 1 | M| 0] 1
F'oo=mp+ my + my + mg 1 0 0 |M4|o0]| 1
= xm(1,3,4,6) 1 0 1 |M|1]0
F=F'=[m;+m;+m,+mg] 1 1 0| M|O]1
= m,.m;.m,.m¢ 1 1 1 M, | 1 0

= M;.M;.M,.M

\_
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um of Minterms vs Product of
Maxterms

™

\_

* A Boolean function can be expressed
algebraically as:

* The sum of minterms
* The product of maxterms

* Given the truth table, writing F as

« > m,— for all minterms that produce 1 in the table,
or

 IIM, — for all maxterms that produce O in the table

* Minterms and Maxterms are complement of
each other.
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Example

/

e WriteE=Y"+ XZ'in the
form of ¥m; and I1M;?

e Solution: Method1

First construct the Truth
Table as shown

Second:
E=3>m(0,1,2,4,5), and
E = IIM(3,6,7)

\_

X Y Z | m| M|E
0 O O | my M| 1
0 O 1 |m | M| 1
0 1 O lm | M| 1
0 1 1 |mg| M| O
1 0 0O |mg|M4]| 1
1 0 1 | mg | Mg | 1
1 1 O | mg| Mg | O
1 1 1 |m, | M, | O

\_
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Example (Cont.)

Solution: Method2 a Solution: Method2 b
E =Y+ X7 E =Y+ X7
= Y'(X+X")(Z+Z") + XZ'(Y+Y') E' =Y(X+2)
= (XY'+X'Y')(Z+Z") + X'YZ'+X'Z'Y’ =YX +YZ
= XY'Z+XYZ+XY'Z'+X'Y'Z'+ = YX(Z+Z") + YZ(X+X)
XYZ'+X'Z'Y' = XYZ+XYZ'+X'YZ
=Ms+ My +My + Mo+ My + My B = (X4Y'+2)(X+Y'+Z)(X+Y'+Z")
=My + My + My + My + Mg =M, .M. M
= 1m(0,1,2,4,5) = TIM(3,6,7)

To find the form IIMi, consider the To find the form Tm,, consider the

remaining indices remaining indices
K E = TIM(3,6,7) E = 3m(0,1,2,4,5) /




Example

Question: F (a,b,c,d) = >m(0,1,2,4,5,7), What are the __
minterms and maxterms of F and and its complement F?

Solution:
F has 4 variables; 24 = 16 possible minterms/maxterms

F (a,b,c,d) =3Ym(0,1,2,4,5,7)
- I_I M(3161819110111112’13’14’15)

F(ab,cd) =3ym(3,6,89,10,11,12,13,14,15)
— I_I M(O,1,2141517)

\_
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Canonical Forms

The sum of minterms and the product of
maxterms forms are known as the
canonical forms (4 sl auall) of a
function.




Standard Forms

« Sum of Products (SOP) and Product of
Sums (POS) are also standard forms

 AB+CD = (A+C)(B+C)(A+D)(B+D)
* The sum of minterms is a special case of

the SOP form, where all product terms are
minterms

* The product of maxterms Is a special case
of the POS form, where all sum terms are
maxterms

/




SOP and POS Conversion

\_

SOP > POS POS > SOP

F=AB+CD F = (A'+B)(A'+C)(C+D)

= (AB+C)(AB+D) = (A’+BC)(C+D)

= (A+C)(B+C)(AB+D) = AC+A'D+BCC+BCD

= (A+C)(B+C)(A+D)(B+D) = A'C+A’'D+BC+BCD

= A'C+A'D+BC

Hint 1: Use X+YZ=(X+Y)(X+2) Hint 1: Use i (X+Y)(X+2Z)=X+YZ
Hint 2: Factor Hint 2: Multiply

Questionl: How to convert SOP to sum of minterms?
Question2: How to convert POS to product of maxterms?

/
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Implementation of SOP

Any SOP expression can be
Implemented using a

2-levels of gates

The 15t level consists of AND
gates, and the 2" |evel
consists of a single OR
gate

Also called 2-level Circuit

\_

Level 1
X — '\
-
4/ Level 2
T
Y — N\ E I
7z — / ; E
___________ - |
X
v — \
7=/

Two-Level Implementation (F =XZ +Y'Z +X'YZ)
Level-1: AND-Gates Level-2: One OF.-Gate
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Implementation of POS

Any POS expression can be Level |
Implemented using a <
2-levels of gates z

The 1stlevel consists of OR .
gates, and the 2" |evel
consists of a single AND
gate

Also called 2-level Circuit

N e

vAVLv
v

Two-Level Implementation {F = (X+Z /(Y +ZNX <Y+Z )}

K Level-1: OF.-Gatas Level-2: One AND-Gate /
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Implementation of SOP

e Consider F = AB + C(D+E)

e This expression is NOT in the sum-of-products form
e Use the identities/algebraic manipulation to convert to a
standard form (sum of products), asin F = AB + CD + CE

e Logic Diagrams:

B /
C D
K 3-level circuit 2-level circuit /

moOo o0 >
ﬂ




